Dynamic responses of the closure relations, specific turbulent Helmholtz free energy and turbulent viscosity are postulated followed by experimental calibrations. The established closure model is applied to analyses of a gravity-driven stationary avalanche with incompressible grains down an incline. While the mean velocity and volume fraction increase from their minimum values on the plane toward maximum values on the free surface exponentially, two-fold turbulent kinetic energies and dissipations evolve in a reverse manner. Most two-fold turbulent kinetic energies and dissipations are confined within the thin turbulent boundary layer immediately above the plane, with nearly vanishing two-fold turbulent kinetic energies and finite two-fold turbulent dissipations in the passive layer. The two layers are similar to those of Newtonian fluids in turbulent boundary layer flows, and are preferable recognized by the distributions of turbulent kinetic energies and dissipations.
Introduction
This paper continues Fang (2016b) with c 1 and c 2 are constants, and g 2 = g 3 = 0. Quantities in (1.1)-(1.3) have been defined in Part I. Müller-Liu entropy principle has been investigated to derive the equilibrium closure relations, with the results summarized in Table 1 , in which the subscript E denotes that the indexed quantity is evaluated at an equilibrium state, defined viz., with Q D the dynamic sub-state space, upon which the dynamic closure relations should depend. Table 1 . Thermodynamically consistent equilibrium closure relations (Fang, 2016b )
In Section 2, the dynamic responses of the closure relations are postulated by a quasi-static theory, followed by the specific postulates of the turbulent Helmholtz free energy, viscosities and the hypoplastic model for rate-independent characteristics. The established closure model is applied to analyses of a gravity-driven stationary avalanche down an incline in Section 3. Numerical simulations are compared with laminar flow solutions. The study is concluded in Section 4.
Zero-order closure model

Dynamic response
It is assumed that the closure relations consist of the equilibrium and dynamic parts viz. 2) has been applied for creeping, dense and rapid laminar flows, and for weak turbulent dense flows as the first approximation (Fang, 2008 (Fang, , 2009 (Fang, , 2016a Fang and Wu, 2014; Kirchner and Teufel, 2002; Wang and Hutter, 1999 ).
Turbulent Helmholtz free energy, material and turbulent viscosities
It is assumed that ψ T consists of an elastic part, ψ T e , and a rate-independent part, ψ T f , viz.
with the irreversible effect confined within ψ T f (Fang, 2009; Kirchner and Teufel, 2002; Wang and Hutter, 1999) . Following the previous works, ψ T e is assumed to be expanded in a Taylor series aboutν =ν m and |g 1 | = 0, withν m the critical mean volume fraction at which shearing is decoupled from dilatation, see Fang (2009) , Savage (1993) , Wang and Hutter (2001) 
withν ∞ the value ofν corresponding to the denst possible packing of the grains, and {α 0 , β 0 } depending on {ν m ,γ, ϑ M }. Equation 
, and µ 0 =μ 0 (ν 0 , ϑ M ), a positive constant. They are postulated followed by the previous works (Fang, 2009; Kirchner and Teufel, 2002) , with the power 8 a curve-fitting (Savage, 1993) , and the dependency of µ T on ϑ T and ϑ G motivated by Newtonian fluids in turbulent flow. Both µ M and µ T assert that total stress is larger in turbulent flows than in laminar flows. For laminar flows, both ϑ T and ϑ G vanish, yielding the vanishing µ T .
Hypoplasticity
A hypoplastic model ofΦ is given by (Fellin, 2013; Fuentes et al., 2012; Niemunis et al., 
for rate-independent characteristics, withŽ =Z/ tr (Z), the versor ofZ;Ž * =Ž − I/3, the deviator ofŽ; D = √ trD 2 ; and a a positive constant. The scalar functions f s and f d are respectively the stiffness and density factors. The constant a is related to the stress stateZ c and frictional angle ϕ c in the critical state, and can be determined empirically (Bauer and Herle, 2000; Buscamera, 2014; Marcher et al., 2000) . Equation (2.6) is used to account for the rate-independent features of dry granular systems, with the benefits that (1) distinction between loading and unloading is automatically accomplished, and (2) elastic/inelastic deformations need not a priori be distinguished; information about yield surface and plastic potential is no longer necessary.
Closure relations
With these, the closure relations of an isochoric flow are given by
where the Cayley-Hamilton theorem and the notations
have been used. For laminar flows, (2.7) reduce to those in previous work (Fang, 2009 ). Two-fold turbulent kinetic energies in (2.7) 1 and (2.7) 4 are determined onceν is known. The field equations of {p,v,ν, ϑ T , ϑ G ,Z} are obtained by substituting (2.7) into (1.1). Since the system is mathematically likely well-posed, one has the chance to obtain the primitive mean fields. In applying (2.7), the phenomenological parameters α 0 ,
Since detailed information of them is insufficient, numerical simulation is restricted to a parametric study.
Gravity-driven flow
Field equations and boundary conditions
Consider a fully-developed, isochoric, two-dimensional stationary avalanche down an incline, as shown in Fig. 1 . It is assumed that
, motivated by the assumptions that α ,x ≪ α ,y for any quantity α in simple turbulent shear flows of Newtonian fluids (Batchelor, 1993 With these, the field equations are obtained
forū(y),ν(y),t yy (y), ϑ T (y) and ϑ G (y), in whichp(y) is replaced byt yy (y) for simplicity.
Although solid boundaries have been demonstrated to act as energy sources and sinks of the turbulent kinetic energy of the grains (e.g. Pudasaini and Hutter, 2007; Richman and Marciniec, 1990) , and the conventional no-slip condition forū does not hold (Savage, 1993) . The field observations suggest that the no-slip condition can still be used as the first approximation (Pudasaini and Hutter, 2007; Rao and Nott, 2008) , with which a fixed value ofν is assumed. As motivated by the finite turbulent kinetic energies and dissipations on solid boundaries of Newtonian fluids in turbulent boundary layer flows (Batchelor, 1993; Tsinober, 2009 ), finite two-fold turbulent kinetic energies and dissipations on the plane are assumed through the prescriptions of ϑ T and ϑ G , respectively. On the other hand, field observations suggest that the grains on the free surface interlock with one another to form a kind of inelastic network. Due to a significant density difference between the grains and the air, the shear stress is negligible, yielding vanishing normal gradients ofū andν. However, the air entrainment on the free surface provides a finite normal stress, giving a rise to nonvanishingt yy and normal gradients of ϑ T and ϑ G (Pudasa- 
with the superscript b denoting the boundary values.
Nondimensionalisation
With the dimensionless parameters defined in Table 2 , in which V 0 is the characteristic velocity of the flow, equations (3.5) are recast in dimensionless forms
, and the dimensionless BCs: -forỹ = 0 
Equations ( 
, indicating thatθ G increases logarithmically from the plane toward the free surface, and corresponding to the previous works (Fang, 2009 (Fang, , 2016b Fang and Wu, 2014 ).
Numerical results
Numerical tests show that only the relative magnitudes of theν-,ũ-,θ T -and ϑ G -profiles are influenced by the variations in S 1 and χ 1−3 , but the tendencies remain unchanged. Thus, Figs. 2e and 2f , except for finite values on the free surface. AsL increases,γνs,γνk,γνH andγνε decrease more obviously. These correspond not only to those of Newtonian fluids in turbulent boundary layer flows, but also are justified, for turbulent kinetic energy and dissipation should assume maximum values in the regions where shearing is maximum, and a larger turbulent kinetic energy induces larger turbulent dissipation (Batchelor, 1993; Tsinober, 2009 ). Although in Newtonian fluids and dry granular avalanches the turbulent kinetic energies and dissipations evolve in a similar manner, their vanishing values on the free surface are identified for Newtonian fluids, while it is not so for dry granular avalanches. These reflect the discrete nature of dry granular systems.
Although the TBL and PL can be identified by the profiles of ν and u in laminar formulations (e.g. Fang, 2009; Wang and Hutter, 1999) , they are preferably recognized by the distributions ofγνs,γνk,γνH andγνε. In the PL, the dominant grain-grain interaction is the long-term one, causing the grains to form a kind of inelastic network to yield nearly vanishingγνs and γνk, and finiteγνH andγνε. On the other hand, the grains in the TBL are dominated by the short-term interaction, giving a rise to intensive turbulent fluctuation with significantγνs,γνk, γνH andγνε, resulting in largerν andũ in the PL, when compared with laminar flow solutions. When Ξ 1 and Ξ 2 increase, the hypoplastic effect inside a granular RVE is enhanced, which weakens the frictional contact between the grains in the TBL, giving a rise to reducedγνs,γνk, γνH andγνε with thinner TBLs. With an enhanced hypoplastic effect, mostγνs,γνk,γνH andγνε are confined within even thinner TBLs, which are equally recognized in theν-and u-profiles.
Calculations for variations inã T andã G are given in Fig. 6 , withã T =ã G = [0.01, 0.025, 0.05] indicated by the arrows; Ξ 1 = Ξ 2 = 0.01,π b = 0.01, S 2 = 0.02 andL = 15. Equal values ofã T andã G are used for simplicity. Increasingã T andã G allows more fluxes ofγνs andγνk enter into the granular body from the free surface, inducing moreγνH andγνε for counter-balance. This yields more thicker PLs, illustrated by more convex profiles ofν,ũ,γνs,γνk,γνH andγνε. These correspond to field observations, for in the PL, the grains are interlocked and behave as a lump solid, causingγνH andγνε to overcomeγνs andγνk. 
Conclusions and discussions
The derived equilibrium closure relations in Part I (Fang, 2016b) have been implemented to obtain a zero-order closure model, which has beem applied to analyses of a stationary avalanche down an incline; numerical simulations have been compared with laminar flow solutions. Whileν andũ evolve from their minimum values on the plane toward maximum values on the free surface,γνs,γνk,γνH andγνε distribute in a reverse manner, with most of them confined within the TBL immediately above the plane. Above this, there exists a PL in which the grains behave as a lump solid with nearly uniformν andũ. In the TBL, the grains are dominated by the short-term interaction, giving a rise to intensive turbulent fluctuation with significant turbulent kinetic energy and dissipation, while those in the PL are dominated by the long-term interaction to form a kind of inelastic network. Two layers are preferable recognized from the turbulent kinetic energy and dissipation profiles.
The TBL and PL of a dry granular avalanche are similar to those of Newtonian fluids in turbulent boundary layer flows. Although the turbulent kinetic energies and dissipations evolve in a similar manner, their vanishing values on the free surface are found for Newtonian fluids, while nearly vanishing turbulent kinetic energies and finite turbulent dissipations are obtained for granular avalanches, resulted from their discrete nature and different dominant grain-grain interactions in the TBL and PL. Discrepancies in the estimatedν-andũ-profiles from the laminar flow solutions suggest that the energy cascade induced by turbulent fluctuation needs to be considered for better estimations on the characteristics of dry granular avalanches.
